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Abstract 

Compactifications of the heterotic string are a viable route to phenomenologi- 
cally realistic vacua and interesting new mathematics. While supergravity aspects of 
heterotic compactifications are largely well-understood their worldsheet description 
remains largely unexplored. We review recent work in developing linear sigma model 
techniques aimed at elucidating the underlying worldsheet description. 
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1 Introduction 



A generic compactification of string theory preserving M = 1 supersymmetry in d = 4 is 
most likely strongly coupled, involving non-trivial fluxes and non-trivial metrics [H[2]- The 
most well-studied class of string compactifications arise in the type II string, generically 
involving Ramond-Ramond (RR) fluxes and orientifolds (see for example [3]). The analysis 
of such backgrounds is typically restricted to the supergravity approximation largely due 
to the difficulties in understanding RR fluxes and orientifolding from the point of view of 
the worldsheet (though see for example [1]). However, supergravity is really only a valid 
approximation when all the length scales in the problem are large compared to the string 
length. If this is not the case, then a' corrections become non-negligible and one needs 
to take them into account. As is known in other contexts, a' corrections can qualitatively 
modify the physics of the compactification. § For example, quantum effects are known to 
resolve classical singularities, to connect seemingly disparate geometric spaces, provide tests 
of string dualities and destabilise classical string vacua (i.e. vacua that exist in supergravity 
but not in string theory). In fact, compactifications defined by Landau-Ginzburg theories 
have no conventional notion of a target space geometry at all, and such vacua do not have 
a supergravity description. Thus, in order to understand the role of quantum corrections 
in compactifications of perturbative string theory we really need to have a worldsheet 
description. 

We will review some recent developments in understanding the worldsheet aspects of 
M = 1 compactifications of the heterotic string. We focus on the heterotic string for 
a number of reasons. Firstly, its degrees of freedom are cleaner and simpler to study 
on the worldsheet than their type II cousins: compactifications are constructed purely 
from NSNS fields, the string coupling is often tunable and there is no need to orientifold. 
Secondly, compactifications of the heterotic string naturally give rise to phenomenologically 
interesting four- dimensional vacua. For example, the existence of the gauge field means it 
is easy to produce chiral theories in four-dimensions and by a judicious choice of target 
space geometry one can construct a compactification that closely resembles the standard 
model. Finally, studying type II string compactifications on Calabi-Yau manifolds lead 
to interesting new mathematical insights (e.g. mirror symmetry). As the heterotic string 

2 Although [!2j argue string theory is likely to have strong coupling g s effects, we will not discuss these 
in this review, instead concentrating on a' issues relevant to pQ. 
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target space consists of a six- dimensional geometry together with choice of gauge bundle, 
studying heterotic comp act ificat ions via the worldsheet will likely lead to similar insights 
and progress in understanding the mathematics of gauge bundles. 

A broad classification of heterotic string vacua begins with the existence of a large vol- 
ume limit. If the compactification has a limit where all length scales of the compactification 
become large compared to the string scale, then supergravity is a good description of the 
background, and as such may be used as the semi-classical starting point for defining a 
(0, 2)-worldsheet theory. Alternatively, if one or more cycles are fixed to be string size, 
the compactification is much harder to define. Supergravity is not necessarily a good de- 
scription of the background, and typically does not (except perhaps in special cases) give 
a nice semi-classical starting point for string perturbation theory. Indeed, the only known 
examples have been constructed via duality [5] (see also jEHH]). § The lack of a large vol- 
ume limit means constructing a well-defined worldsheet theory is difficult and our current 
understanding of such constructions is quite limited; though some progress has been made 
recently in this direction by [T6T - fT8] . For this reason, we will be interested in spaces with a 
large volume limit, as we then stand a much better chance of understanding the role of a 1 
corrections. 

Compactifications with a large volume limit that preserve supersymmetry are specified 
by a Calabi-Yau manifold M and a choice of holomorphic vector bundle J 7 which satisfies 
a Bianchi identity relating the Chern classes of T and M to the heterotic B2-fieldR An 
easy way to satisfy this Bianchi identity is by identifying J 7 with the tangent bundle. This 
gives rise to an unbroken E$ gauge group in spacetime, with matter fields in the 27 and 27 
representations of Eq. There is also a nice worldsheet description, being described by (2, 2) 
conformal field theories. However, although an easy way to satisfy the Bianchi identity, 
such compactifications do not give rise to a realistic phenomenology. One way to improve 
the situation is a more sophisticated choice of vector bundle. Then it is easy to generate 
spacetime GUT groups like Eg, SO(10) and SU(5), and there has been much progress in re- 
alising standard model and GUT like scenarios in heterotic supergravity (for example, some 
recent references include [2TH25] ). The particle spectrum can be constructed using well- 
known methods from algebraic geometry, and Wilson lines can break the GUT group down 

3 These spaces may in addition be characterised that their topology and complex structure do not admit 
Kahlcr metrics, as is argued in [15) when the geometry admits a T 2 fibration. 

4 Many good textbooks explain the heterotic Bianchi identity as well as the standard embedding solution. 
Two nice examples include p~9lf20] 
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to the standard model gauge group SU(3) x SU(2) x U(l). Do such compactifications admit 
worldsheet descriptions? Although in principle the answer is yes, a systematic study of such 
worldsheet conformal field theories is distinctly lacking in the literature. In this review we 
attempt to ameliorate this by systematically studying heterotic string compactifications via 
the worldsheet focussing on linear sigma model descriptions. 

An outline for the rest of the review is the following. In the next section we will review 
supergravity aspects of heterotic compactifications. In section [3] we will review some of 
the lore concerning (0, 2) worldsheet SCFTs, their symmetries, and the role of worldsheet 
instantons. In section H] we will review the (0,2) linear sigma model, its parameter space, 
quasi-topological twists, several prescriptions for computing correlators and the singular 
locus of the quasi-topologically twisted theories. We will also outline a proposal for mirror 
symmetry in a certain class of (0, 2) models. In section [5] we will review work aimed at 
understanding (0, 2) Landau- Ginzburg theories. Finally, in section [6] we will give a brief 
outlook on open questions in the field. 

Acknowledgements: It is a pleasure to thank I. Melnikov for helpful discussions 
and M. Wolf for comments on the manuscript. This work is supported by the EPSRC 
Postdoctoral Fellowship EP/G051054/1. 

2 Spacetime Aspects of E% x Eg Heterotic String Compactifica- 
tions 

In this section we set the stage for a worldsheet analysis by briefly outlining the supergravity 
ingredients necessary to define a heterotic string compactification. We will describe some 
techniques in the simplest examples for computing the spectrum, and Yukawa couplings. 
Finally, we will comment on some constructions in the literature that give rise to the 
standard model. 

2.1 Heterotic Effective Field Theory 

At large radius, where all length scales of the target space are large compared to the 
string length, the dynamics of string theory reduces to that of field theory. The effective 
field theory describes the interaction of the massless string spectrum, including the metric 
Gmn, the E s x Eg gauge field Am, its field strength F 2 and the heterotic field B 2 . The 
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action is given by (we largely follow the notation of [12]): 



S = — I d w x(-G) l/2 e~ 2 ^ 
2k 2 J 



R(Q) + 4\d M $\ 2 - l\H : 
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— (tr|F 2 | 2 -tr|i22| 2 ) 



2 

+ fermions, (1) 



where R 2 (Q + ) is the Riemann two- form computed with respect to the spin connection 
^ PC "V twisted by the if 3 -flux 

ft^%±V«M + 0(a'), (2) 

The Einstein-Hilbert term in (0Q) is constructed using the spin connection Q. With this 
choice of fields and connection, the effective action ([1]) is exact to 0(a'). It is known how 
to construct the 0(a' 2 ) corrections to the heterotic effective action [261428] . though such 
corrections will not be relevant for our purposes. The last two terms in ([1]) are defined as 

tr\R 2 \ 2 = ^R MNPQ (Q + )R MNPQ (Q + ), tr\F 2 \ 2 = \f mn F mn , (3) 

and the NSNS field strength is defined as 

H 3 = dB 2 + j[CS{n + )-CS{A)\, (4) 

where CS denotes the Chern-Simons form for the relevant connection. The NSNS field 
strength obeys a Bianchi identity 

a' 

dH 3 = - [ti(R 2 (Q + ) A R 2 (n+)) - ti(F 2 A F 2 )} . (5) 

Here tr(i? 2 (^+) A R 2 (Q + )) is evaluated in the vector representation of SO(9,l); for the 
Spin(32)/Z 2 string, trF 2 AF 2 is evaluated in the vector representation; for the E 8 x E 8 case 
(where there is no vector representation) trF 2 A F 2 is defined as one thirtieth of the trace 
in the adjoint representation. The inclusion of the string correction, tr(R 2 (Q + ) A R 2 (Q + )) 
is required to cancel anomalies in the underlying string theory, and is required in order to 
construct solutions with F 2 ^ 0. 

The conditions of supersymmetry follow from the variation of the fermions in the ten- 
dimensional effective action. There are three fermions, a gravitino ^m, a dilatino A and a 
gaugino \. Their variations are given by 



Mm= (d M + l -^ B M Y AB )f = 0. 



5X = -^= 2 (0-^)e = O, (6) 
$X = ~Fe = 0, 



where we have defined the following contractions of H3 and F^. 



Jf-M 



t:HmnpF 



NP 



Jf = tt,HmnpF 



,MNP 



MN 



(7) 



As emphasised by [12], (see also [29H3T] ). the choice of connection in computing the Rie- 
mann curvature two-form is important in understanding compactifications with if 3 -flux. It 
turns out to be most convenient to choose Q + , as this implies the equations of motion and 
supersymmetry variations remain simple at 0(a') in the a' expansion. With the choice 
of fields in [26], all of the 0(a') corrections to the supersymmetry variations in ([6]) are 
contained in the ol modification to H% in (T4|). One could choose a different choice of con- 
nection at the expense of complicating the supersymmetry variations. Finally, for heterotic 
solutions with type IIB and F-theory duals one naturally generates heterotic solutions with 
Vt + as the preferred connection. 

Now that we have established some notation, we wish to explore solutions to this effective 
action. We are only interested in solutions that preserve M = 1 supersymmetry and d = 4 
Poincare invariance. As such, the ten-dimensional space must take the schematic form 



Requiring the M = 1 supersymmetry variations in (J6]) be satisfied vastly simplifies our 
task of finding solutions. By solving the supersymmetry variations and Bianchi identity 
we are automatically generating solutions to the equations of motion, though whether 
the background is a string solution requires tools beyond supergravity. At least in the 
torsion free case, the supergravity data should be enough to define a sigma model, which 
generates a (0, 2) theory that is at least perturbatively conformaljf) If bundle splits non- 
trivial over every rational curve in M then the theory is argued in (33] to be conformal non- 
perturbatively. Alternatively, there is a general belief in the literature, for example [34-36], 
that vacua admitting a linear model description are conformally non-perturbatively, though 
a comprehensive proof (at least of the former assertion) is still lacking in the literature. 

We finish this subsection with a very speculative question: what is the most general 
M = 1 compactification of the heterotic string? This is a notoriously hard question to an- 
swer, but whatever the answer is, supergravity solutions are almost certainly a very small 

5 The conditions that supersymmetry be preserved and the Bianchi identity satisfied are sufficient to 
guarantee the existence of a (0, 2) sigma model that is perturbatively conformally invariant [3TH32] . However, 
unless one is using a linear sigma model to generate the SCFT, non-perturbative effects may destabilise 
the vacuum. 



M 3 ' 1 x M. 
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corner in the landscape of such vacua. In fact, they should be thought of as a point in a 
bigger space of string compactifications. This is clear already in (2, 2) string compactifica- 
tions. More generally, the constructions in [57] suggest the most general heterotic solutions 
are most likely non-geometric and have no large volume limit. Thus, in order to under- 
stand the general features of heterotic string compactifications, it is necessary to have a 
worldsheet understanding. There are many known examples of string backgrounds with- 
out supergravity limits. Perhaps the most familiar class of examples are compactifications 
described by Landau- Ginzburg theories and asymmetric orbifold compactifications. These 
have no supergravity or geometric interpretation, and are defined purely in terms of their 
worldsheet theory. A second class of backgrounds, known as non-geometries, are those that 
are patched together using T-duality or other quantum symmetries of string theory (see [38J 
for a review and references therein). Even in the heterotic string (where there are no RR 
fluxes), a correct worldsheet description of these backgrounds is not yet well-understood 
Finally, a third class of compactifications without large volume limits, are the torsional 
heterotic solutions (see for example [5T4T5 lBTrfl6] ) . It is thus clear that to have a conclusive 
understanding of string compactifications, one needs to have an understanding of the string 
worldsheet. We will restrict to compactifications that have a supergravity limit. Even with 
this vast simplification, the worldsheet structure of such solutions is rich and intricate. 

2.2 Heterotic Vacua with Kahler Metrics 

We will now simplify the discussion to Eg x E s heterotic vacua with large radius limits. 
What are the geometric properties of such solutions? By analysing the supersymmetry 
conditions ([6]), and anomaly cancellation, it was shown by jUJ that such manifolds are 
complex, with vanishing first Chern class and obey the equations 

a' 

2iddJ = -\ti(R 2 (n + ) A i? 2 (ft+)) - tr(F 2 A F 2 )] , 
F (o,2) = F (2,o )=0; FmnJ mn = q ^ 

rf(e" 2 *JAJ) = 0. (9) 

Here J is the hermitian form for the target space. The first equation implies the space is 
non-Kahler if H 3 ^ 0. Let us analyse their import order- by-order in an expansion of 1/r 
under rescalings of the coordinates, where r is the characteristic radius of M. As the gauge 



6 One proposal is that of a doubled-torus formalism of Hull (for example [39]), while the second is given 
by wrapping the tensor theory describing an M5-brane on a K3 surface [371140] . 
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field Am appears in the covariant derivative Dm = 9m + iAm, we take Am = OiA/r). 
To 0(l/r) the gravitino variation implies that M is a Calabi-Yau manifold with SU(3) 
holonomy, while the dilatino variation implies a constant dilaton. The gaugino variation is 
a 0(l/r 2 ) constraint and implies the bundle T must satisfy the constraints 

F (0,2) = ^(2,0) = 0> (1Q) 

F MN J MN = 0. (11) 

The first equation implies the bundle is holomorphic (i.e. all the transition functions are 
holomorphic functions with respect to the complex structure on M), while the last equation 
is known as the hermitian Yang-Mills equation. The first two equations are relatively 
straightforward to satisfy, while the last equation is notoriously hard to solve. Fortunately, 
on Kahler manifolds there is a way of turning this into more tractable problem using the 
Donaldson-Uhlenbeck-Yau theorem. This theorem states that for a holomorphic vector 
bundle J 7 on a Kahler manifold with a given complex structure, there exists a unique 
connection satisfying (fTTj) provided the bundle T is "stable." We will not go into the 
details of this theorem, or what stability specifically means, apart from the fact it is a 
rather mild quasi-topological constraint. 

2.2.1 The Standard Embedding 

The simplest solution with a Kahler metric at large volume is known as the standard 
embedding. In this section we will review some of the pertinent features — more details 
may be found in say [19,20j. The solution proceeds by assuming that dB 2 = 0. The Bianchi 
identity then reduces to 

= tv(R 2 (n+) A R 2 (n+)) - tr(F 2 A F 2 ). (12) 

This equation is essentially impossible to solve unless there is a special relation between 
F 2 and R 2 (ft + ). Such a relation is given by identifying the spin connection with the gauge 
connection. In that case R 2 (Q + ) = F 2 , and the Bianchi identity is satisfied identically. 
Such a gauge choice satisfies the hermitian Yang-Mills equations, is supersymmetric, and 
is a well-defined starting point for defining a sigma model description. If M has SU(3) 
holonomy (and not a subgroup), then the bundle will have SU(3)-structure. The SU(3) 
is embedded in one of the E 8 gauge groups, with the other E 8 gauge group regarded as 
the hidden sector. The unbroken gauge symmetry is given by the commutant of SU(3) 
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with the Eg, which turns out to be E$. Thus, without much work we have constructed a 
perturbative string compactification that has an unbroken E e gauge group. This is to be 
contrasted with the recent work in F-theory model building, in which E e gauge groups can 
only be generated non-perturbatively (see for example |48j). 

The string compactification is well described by a d — 4, J\f — 1 effective field theory 
when the length scales are well above the compactification scale r, but well-below the string 
length l s . The massless field content and interactions of this field theory may be constructed 
by Kaluza-Klein reducing the d — 10, M — 1 supergravity theory on the internal Calabi-Yau 
manifold. As there is an unbroken M = 1 supersymmetry, the theory is most conveniently 
represented in terms of M = 1 superspace, and we will describe, somewhat schematically, its 
field content and construction. We will mostly follow the notation and discussion in [T9p0"] . 

The field content consists of Kaluza-Klein reducing Gmn, Bmn, 3? and Am on M. There 
are h 2 ' 1 chiral multiplets for the complex structure moduli, whose bosonic fields are Gij, G~q 
(here i,j are holomorphic indices on M); there are h 1,1 chiral multiplets corresponding to 
the complexified Kahler moduli given by Gq + Bq. 

The gauge group splits as E s x E s — » SU(3) x E 6 x E 8 , giving rise to an unbroken E e 
gauge group in spacetime (together with an E 8 hidden sector). Kaluza-Klein reducing the 
d = 10, Es x E s gauge multiplet gives rise to some matter that is charged under the E 6 , 
as well as some matter that is uncharged. To see this note that the adjoint gauge field Am 
decomposes as 

(248, 248) ->• (1, 78, 1) + (1, 1, 248) + (3, 27, 1) + (3, 27, 1) + (8, 1, 1). (13) 

The first two components, denoted by the field A^ a correspond to the d = 4, E 6 x E 8 
massless gauge field with a labelling the adjoint of E$ x Eg. Together with their fermionic 
partners, these fields form a d — 4, N — 1 gauge multiplet. As we have identified the SU(3) 
spin connection with the SU(3) gauge connection, the charged matter content comes from 
the component of the gauge field transforming as the (3, 27, 1) + (3, 27, 1), and are given 
by the fields Aij x and where x is the 27 of E e . By contracting with the holomorphic 
3-form, the former corresponds to a (2, l)-form giving rise to h 2,1 chiral multiplets trans- 
forming in the 27 of E 6 . The latter gives rise to h 1,1 chiral multiplets transforming in the 
27 of Eq. Finally, there are a number of gauge singlets A { ^ transforming in the adjoint of 
SU(3). These are 1-forms valued in the endomorphism group of the tangent bundle, and 
correspond to elements of the cohomology group iJ 1 (M, End(TM)). They parameterise 
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classically flat directions in which T is deformed from the tangent bundle to a more general 
SU(3) vector bundle. We will discuss this further in the next subsection. 

In the above, we implicity used supersymmetry to deduce the gaugino decomposed in 
the same way as the gauge field. There are thus ft 2 ' 1 chiral multiplets in the 27 of E$, and 
ft, 1 ' 1 chiral multiplets in the 27 of E e . The spectrum is therefore chiral with the net number 
of generations given by 

iV gen =|ft 2 ' 1 -ft 1 ' 1 | = ^, (14) 

where \ is the Euler characteristic of M. This can also be understood using an index 
theorem for the Dirac operator. iVgen = 100 for the quintic in P 4 , and iVg en = 4 for the 
Z 5 x Z 5 orbifold of the quintic. Thus even in the simplest example it is not hard to get 
down to a reasonable number of generations. However, it is quite hard to find Calabi-Yau 
manifolds with |x(M)| = 6, with only a handful of known examples. For compactifications 
involving gauge bundles that differ from the standard embedding, the number of generations 
is no longer tied to the Euler characteristic, instead it depends on topological quantities 
associated with T and M. This allows for more phenomenological flexibility. 

Having described the field content of the d — 4 effective field theory, we will now 
describe the Lagrangian that governs their interactions. To specify the Lagrangian we need 
to construct the Kahler potential and superpotential for all of the fields. As the Calabi-Yau 
geometry solves the string equations of motion for any value of the moduli fields, the moduli 
do not have any superpotential terms. The 27 and 27 matter fields are not moduli and have 
a non-trivial superpotential. They are both massless, and the vacuum is stable (no tadpole) 
so the lowest order term is a cubic interaction. Although we will not give any details of 
the proof originally derived in [49], it turns out that the low-energy dynamics of the light 
fields is tightly constrained. The two derivative dynamics of the moduli and the matter 
fields are intricately related to each other, and their interactions are completely determined 
in terms of two holomorphic functions. These relations are known as special geometry and 
are a consequence of certain properties of the worldsheet theory. This relation is known to 
hold for type II theories and for heterotic compactifications with the standard embedding. 
For a summary of the local geometry of the moduli space see [50]. It is an interesting 
open question as to whether it holds for more general embeddings in the heterotic string. 
Discussing these relations is thus beyond the scope of this review. 

While the standard embedding has many nice features: an Eq GUT group, special geom- 
etry and a well-understood worldsheet description, there are also many phenomenological 
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problems. For example, in a GUT scenario, where say E& is broken to SU(5) and then to 
the standard model via Wilson lines, the 27 of E$ gives rise to particles transforming as 
the 5 + 5 of SU(5). These particles are yet to be observed at current energy scales and 
mediate rapid proton decay — at least without a mechanism to give these particles a large 
mass, this is a phenomenological problem. It is also hard to give neutrinos a mass using the 
usual see-saw mechanism in Eq compactifications. The required Yukawa coupling which 
are forbidden in string perturbation theory (see for example [EE]). It is thus desirable to 
understand more general heterotic compactifications, and the easiest way to achieve this is 
to consider more general gauge bundles. For example SU(4) and SU(5) bundles give rise to 
unbroken SO(10) and SU(5) gauge groups, which alleviate some of these problems. How- 
ever, although one can construct such compactifications in supergravity, it is not known 
how to construct their worldsheet descriptions. 

2.2.2 General Gauge Bundles 

It is phenomenologically desirable to consider compactifications beyond the standard em- 
bedding. Recall that in order to preserve super symmetry, the bundle T must be holo- 
morphic and satisfy the hermitian Yang- Mills equations. Equivalently, if one has a stable 
bundle, then the Donaldson-Uhlenbeck-Yau theorem guarantees the existence of a unique 
connection solving these equations. A lot of sophisticated mathematical technology has 
been developed over the years to construct stable bundles and hence supergravity solu- 
tions. One is based on the Friedman- Morgan- Witten constructions [S2HSS] for elliptically 
fibered Calabi-Yau manifolds. Another is based on complete intersection Calabi-Yau man- 
ifolds with monad bundles [33|l5?-59j. Some recent examples in the context of heterotic 
model building include [2lTl2"5| 156 (1601462] and a review of the techniques used to computing 
the low-energy physics of such compactifications is given in |63j. Although such construc- 
tions can give rise to higher rank bundles, and are phenomenologically desirable, they are 
typically restricted to the regime of supergravity and it is not known how to describe their 
compactifications using worldsheet techniques. Such techniques would be very useful. For 
example, one may be able to construct the necessary Yukawa couplings for generating neu- 
trino masses using non-perturbative corrections. Thus, we will focus on the latter class of 
bundles where there has been recent work in constructing well-defined worldsheet descrip- 
tions, and a certain class of unnormalised Yukawa couplings can be computed exactly in a'. 
It will be interesting in future work to extend these results to the more general bundles, in 
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particular, those not attainable as deformations from the standard embedding. 

2.2.3 Beyond Supergravity and Onwards to a Worldsheet Description? 

At large radius, the moduli corresponding to deforming the tangent bundle come from the 
gauge singlets corresponding to elements of the cohomology group H l (M, End (TM)). The 
Bianchi identity (J5J) implies there is non- vanishing torsion H 3 , and the worldsheet theory 
has a reduced amount of supersymmetry: (2,2) broken down to (0,2). Early on, starting 
with [M], it was thought that these bundle moduli were lifted by non-perturbative a' ef- 
fects. Worldsheet instantons wrapping holomorphic curves in (0, 2) theories have a reduced 
number of zero modes, and generically generate a potential for these moduli, thereby desta- 
bilising the vacuum (we expand on this phenomenon in section [3731 below) . However, for 
certain compactifications, including those connected to the standard embedding, such in- 
stantons are known to be either entirely absent [65] or to cancel amongst themselves [3D436] . 
Consequently, the deformations parametrised by i/ 1 (M, End(TM)) are unobstructed and 
are genuine moduli. 

Nonetheless, it is impossible to deduce that these deformations are true moduli purely 
in supergravity. It is worldsheet instantons that destabilise the vacuum, and to construct 
vacua that are free of these instanton effects, it is necessary to have a worldsheet description 
of such vacua. Furthermore, a' quantum corrections are known in other context to generate 
qualitatively new phenomenon not seen at large volume. One example is mirror symmetry, 
in which strong coupling effects are exchanged with weak coupling effects. Another example 
is quantum cohomology, in which the cohomology of a Calabi-Yau M is generalised to 
include quantum corrections. What is the generalisation of quantum cohomology to spaces 
with vector bundles? Do a' corrections qualitatively modify Yukawa couplings? Is there 
a notion of special geometry for heterotic compactifications with gauge bundles that are 
not the standard embedding? Recently there has been a body of work aimed at answering 
those question, with which we will summarise in the remainder of this review. 

3 The Worldsheet: (0,2) SCFTs and the GLSM 

A perturbative string compactification is defined via an anomaly free SCFT with the correct 
central charge. If the background has a geometric interpretation, then the SCFT may be 
generated by following the RG flow of a non-linear sigma model. However, the non-linearity 
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makes it hard for one to compute anything concretely. A more tractable approach is to 
appeal to universality: perhaps there is an easier model to study in the same universality 
class. For Calabi-Yau's defined as complete intersections in toric varieties with monad 
bundles there is a very convenient class of field theories that do this job: gauged linear 
sigma models (GLSMs). These are abelian gauge theories with linear kinetic terms coupled 
by a chiral and twisted-chiral superpotentials. They provide a useful probe of the SCFT 
moduli space, and can compute certain terms in the d — 4 low-energy effective field theory. 
Their utility is well-established in the world of (2, 2) SCFTs. Here we outline progress 
in using GLSMs to study (0, 2) SCFTs. As first step we will review some basics of the 
non-linear sigma model, before turning to the linear sigma model in the next section. 

3.1 Non-linear Sigma Models: Target Space versus Worldsheet 

The starting point for describing a perturbative heterotic string compactification is a two- 
dimensional non-linear sigma model, a theory of maps from a Riemann surface to a ten- 
dimensional target space. The field content consists of the maps X M : E — > M for M = 
0, . . . , 9; a number of right-handed world sheet fermions tp M , which couple to the pullback 
to E of the tangent bundle of M; and a number of left-handed worldsheet fermions j A , 
which couple to the pullback of the vector bundle J 7 . For the Eg x Eg heterotic string, the 
bundle splits into two Eg bundles T\,Ti, of which we will always regard Ti as trivial — it 
is regarded as the unbroken Eg gauge group of a hidden sector. In the following we will 
often write J 7 for T\, dropping the subscript. In two-dimensions, the supersymmetries 
are Majorana-Weyl and are chiral: we can have independent numbers of left-handed and 
right-handed supersymmetries. These are labelled (N L , N R ), so that (0, 2) implies there are 
two right-moving supersymmetries and no left-moving supersymmetries. We must always 
have at least (0, 1) supersymmetry to have a consistent string background, while if there 
is N = 1 spacetime supersymmetry then there is at least (0, 2) worldsheet supersymmetry. 
When J 7 = TM with the gauge and spin connections identified, the right-moving and ten 
of the left-moving fermions transform in an identical fashion. Consequently, the theory has 
(2, 2)-supersymmetry. 

The sigma model is action is given by 



S = 



Ana' 



1 



/ 



d 2 z{[G MN {X) + B MN {X)]d z X M chX N + G MN {X)i> M V z i> N + 




(15) 
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where A, B = 1, . . . , 32 label the bundle indices and as usual, we have fixed to conformal 
gauge — for more details see [20] • The co variant derivatives are 



F M Np( X ) - -^ HM Npi. X ) 



= d^-iAffWdiXX-Y", (16) 

with Am the connection on J 7 . The spacetime fields such as the metric, B-field and con- 
nection act as worldsheet couplings, and are in principle complicated functions of the X M 
fields. This makes the theory highly non-linear and generally hard to solve (that is, one 
cannot easy deduce the spectrum, or correlation functions). Furthermore, for a generic 
choice of target space fields the theory is not conformal — a necessary requirement to define 
a critical string theory. These two basic issues tend to hamper a direct study of non-linear 
sigma models. However, one can make progress by considering a large volume limit, in 
which the coupling of the non-linear sigma model is "small" and a semi-classical analysis 
is valid. One can then extract the spectrum, compute scattering amplitudes and compute 
the beta function perturbatively in a', and in some cases extract all order results in a'. For 
example, there may exist a truncation of the non-linear sigma model to its 'topological' 
sector, in which the theory becomes completely independent of the worldsheet metric (for 
example [66J). 

The sigma model has diffeomorphism anomalies (i.e. the sigma model is not modular 
invariant) unless M and T satisfy certain topological constraints (in integer cohomology): 

ci(M) = 0, c x (T) = mod 2, (17) 
ch 2 (J^) = ch 2 (M), (18) 

The first condition ( fl71) implies M admits spinors, as this amounts to the second Stiefel- 
Whitney class of M vanishing. This is physically very reasonable: we want to be able to 
define spinors on our spacetime, and furthermore, one needs both the vector and spinor 
representations of SO(16) in order to recover the full E 8 representation. The second equation 
( I18p can be recast in the familiar form of the Bianchi identity for the three-form field 
strength viz. fl5]). 

If the anomalies are cancelled, then one is free to couple the theory to worldsheet gravity 
and to gauge fix the resulting two-dimensional supergravity theory. However, it must also 
be checked that the conformal mode of the string vanishes, so that the longitudinal modes 
of the string decouple in scattering amplitudes. In the large volume limit, this may be 
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checked perturbatively in a'. At one-loop, the vanishing of the beta function implies the 
space M is Ricci flat and that the bundle satisfies the hermitian Yang-Mills equations (c.f. 
( Hip ). Hence, the combination of Yau's theorem and the Donaldson-Uhlenbeck-Yau theorem 
imply the existence of a solution to the beta function at 1-loop. Higher order loops will 
not affect the topological conditions, while the geometrical conditions of Ricci-flatness and 
the hermitian Yang- Mills equations (TTTj) will be corrected order by order in a' perturbation 
theory The quantum corrections are special though; the sigma model re-adjusts itself order- 
by-order in a' perturbation theory to ensure the existence of a supersymmetric solution 
[63 EE] A The lack of conformal invariance may be viewed as renormalisation group flow, 
in which degrees of freedom become massive and decouple in the infrared. This leaves 
us with a finite number of degrees of freedom that characterise the massless spectrum of 
the conformal field theory. These degrees of freedom tend to be topological in nature and 
include the complex structure of M; the holomorphic structure of the vector bundle J 7 ; 
and the cohomology class of the complexified Kahler class. Nonetheless it is quite hard to 
analyse these conformal field theories directly, and as such one must resort to other methods 
to which we now turn. 

3.2 The Symmetries and Spectrum of (0,2) Theories 

We now briefly analyse the symmetries and spectrum of (0, 2) non-linear sigma models. 
This will serve to further introduce some notation, and will naturally lead into a study of 
(0,2) gauged linear sigma models. 

The part of the theory involving X, ip associated with the flat spacetime, and 7's that 
do not couple to the gauge bundle (for example the hidden E s ) are free fields and analysing 
their behaviour is straightforward. The rest of the theory is a non-linear sigma model, 
which is interacting and hard to get a handle on. One approach is to follow the work of [69J 
by using the Born-Oppenheimer approximation in which we truncate theory to quantum 
mechanics. This was applied in the context of (0, 2)-theories in [33], (see also [70]) and 
provides a useful route to get a handle on the physics the sigma model. An alternative 
approach is to appeal to universality and construct an abelian gauge theory (that is, a 
gauged linear sigma model) that under RG flows to the same infrared fixed point. In this 
subsection we will content ourselves with an analysis of the non-linear sigma model, before 

7 This is only true if X : £ —> M is a topologically trivial map; worldsheet instantons invalidate this 
argument. These effects will be discussed later in this review. 
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turning in the next section to GLSMs. 

As mentioned above, the requirement of M = 1 spacetime supersymmetry implies at 
least (0, 2) worldsheet supersymmetry. The left-moving sector of the worldsheet has a 
Virasoro symmetry, and we will require an additional U(1)l symmetry 

J(z)J(0) ~ - 2 . (19) 

where r is a parameter of the U(1)l algebra and will eventually correspond to the rank 
of the gauge bundle. There are a number of reasons for requiring this U(1)l symmetry. 
Firstly, it provides a natural candidate for a chiral GSO projection on the left-moving fields. 
It acts as 

g = e -™ Jo (-l) FL , (20) 

where Fi is the left-moving fermion number. Secondly, the U(l)x, plays an important role in 
realising the spacetime gauge symmetry. Thirdly, it appears naturally when one considers 
gauge bundles obtained as deformations from the standard embedding and will occur in 
the class of compactifications we consider in section 0] onwards. 

The X M bosons associated with IR 3,1 x M and r Weyl fermions associated with the 
gauge bundle give a left-moving central charge of cl = 10 + r. To cancel the anomaly we 
need cl = 26. As r ^ 0, one can do this by adding some free Majorana-Weyl fermions 7 / 
for I — 1, . . . , 16 — 2r, and 16 free fermions j A , A = 1, . . . , 16, associated with the hidden 
E s . The U(1)l acts on the fermions analogously to the U(1)_r on the ip M : 

i -> e^ 7 \ 7 1 -> e- fl?i 7 5 . (21) 

The theory then linearly realises a U(l) x SO(16 — 2r) x SO(16) spacetime gauge group. The 
U(1)l also provides a left-moving spectral flow generator: when acted on NS states created 
by the 7 7 it takes them to R ground states and vice-versa. Thus, even though only U(l) x 
SO (16 — 2r) of the spacetime gauge group is linearly realised, there are additional states 
(the vertex operators for which may be explicitly constructed by bosonisation) implying the 
spacetime gauge group is actually larger than U(l) x SO(16 — 2r)@ In fact, for r = 3, 4, 5 the 

8 The same phenomenon occurs for the hidden sector E%, where only the SO(16) subgroup is linearly 
realised. A naive computation of the spectrum in flat space gives states in the 120 + 128 representation 
of SO(16). Consistency of the spacetime theory however implies the gauge bosons must be in the adjoint 
representation of the gauge group. There is precisely one group, Eg, under which the adjoint decomposes 
into 120+ 128. The remaining states in the adjoint representation may be constructed using spin fields and 
bosonisation. Thus, the full spacetime gauge group is -Eg- 
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Rep. of E 6 


Rep. of SO(10) x U(l) 


Cohomology Group 


78 


45 © 16 3/2 © 16 3/2 © lo 


H*(M, O) 


27 


16i /2 © 10_! © 1 


H*{M, JF) 


1 


lo 


H*(M } End J 7 ) 




Rep. of SO(10) 


Rep. of SO(8) x U(l) 


Cohomology Group 


45 


8^ 2 © 28 © 1 © 8|' 


H*(M, O) 


16 


8i! © 8^ 


H*{M, 7) 


10 


1-2 © 8g' © 1 2 


H*(M, /\ Z F) 


1 


lo 


H*(M, End J 7 ) 




Rep. of SU(5) 


Rep. of SO(6) x U(l) 


Cohomology Group 


24 


4_ 5/2 © 15 © 1 © 4 5/2 


H*(M, O) 


10 


4-3/2 © 61 


H*{M, 7) 


5 


4-1/2 © 1 2 


H*{M, A" 7) 


1 


lo 


H*(M, End J 7 ) 



Table 1: The representations of the spacetime gauge group and how they decompose into 
their linearly realised subgroups. See (33] for the case with general r. 

full spacetime gauge group is E e x E 8 , SO(10) x E 8 and SU(5) x E 8 respectively. We have 
listed the linear representations and how they assemble themselves into representations of 
the full gauge group for r = 4, 5 in table [TJ 

3.3 Instantons and Vacuum Destabilisation 

A string compactification typically requires conformal invariance of the sigma-model. The 
vanishing of the 1-loop beta function implies certain conditions of the target space, for 
example M must have a Ricci-flat metric. These conditions are satisfied for the N = 1 
compactifications described in section 12.21 However, the conformality conditions are modi- 
fied at higher loop orders, and we do not know what the all-orders condition of conformal 
invariance is. A more fruitful approach is to view the lack of conformal invariance as renor- 
malisation group flow — the metric and other target-space fields are quantum corrected 
order-by-order in a'. In that case, the question one must ask is: can the metric and field 
content be consistently modified such that at each order in a', the equations of motion and 
supersymmetry are satisfied? As discussed in [671168] . the answer, at least in a' perturbation 
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theory, comes from the non-renormalisation the spacetime superpotential. The essence of 
the argument comes from holomorphy and the presence of a Peccei-Quinn symmetry. Holo- 
morphy implies perturbative corrections must appear in terms of the complexified Kahler 
modulus t = a + iV, the complex combination of the volume modulus V and the modulus 
a coming from the B-field. The role of the Peccei-Quinn type symmetry is to forbid any 
non-derivative couplings involving a, implying a decouples at zero momentum. This is may 
be seen by studying the vertex operator associated to a: 

V a {k) ~ J B mn (X) [(d z X m + ik ■ ijij m )d Y X n - (d z X n + ik • #%X m ] e lk - x . (22) 

The indices (to, n) are holomorphic indices along the Calabi-Yau M. At zero-momentum 
it takes the form 

K(0) ~ J B mn {X)d z X m d I X n , (23) 

and is interpreted as the pull-back of the two-form B 2 via X to the worldsheet E. If X is 
a topologically trivial map, as is the case in perturbation theory, then this automatically 
vanishes. Hence a decouples at zero-momentum, and the four- dimensional effective theory 
has a symmetry a — > a + constant, giving a an axion-like behaviour. This implies a cannot 
appear in the spacetime superpotential, and there are no perturbative corrections in t = 
a + iV. Consequently, if we have solved the supersymmetry conditions at large radius, 
they will be automatically satisfied at all orders in a' perturbation theory. As hinted at 
above, even though our starting point was a Calabi-Yau metric with constant dilaton and 
no H 3 , these will become non-zero at higher orders in a'/r 2 in such a way to preserve 
supersymmetry. 

This argument is violated by worldsheet instantons, in which X is topologically non- 
trivial [7T]. The instanton action is given by the pullback of the metric to £ via X: 

Sinst ^ i [ G mn {d z X m ckX n + d z -X m d z X n ). (24) 

Using Kahlerity of G mn , and the fact the instanton corrections to the spacetime superpo- 
tential must be holomorphic in t, one can show that stationary points of this action occur 
when 

d^X™ = 0. (25) 

In this case the instanton action saturates a minimal bound given by S inst = \ f„V a (0)\. 
Finally, the instanton must only contribute at genus zero (i.e. on the sphere), as the 
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superpotential does not receive any corrections from finite orders in string perturbation 
theory [72]. 

The corrections to the superpotential which are potentially dangerous to the stability 
of the vacuum are of the form 

W ~ e 2iriT x constant, (26) 

where T is the complex superfield corresponding to the scalar fields a + iV. Such contri- 
butions are computed via scattering amplitudes of vertex operators that are gauge singlets 
(for example, elements of H 1 (M, EndTM)), and consequently do not couple to the free left- 
moving fermions 7 7 . Generically, there exist holomorphic curves of genus zero in Calabi-Yau 
manifolds and it would appear, as originally argued in [M], that scattering amplitudes of 
the form (1261) are non-zero and the vacuum is unstable. However, it is possible that instan- 
tons of the form ( 1261) vanish. When could this occur? As pointed out in [33J, one possibility 
is that there are 7 7 zero-modes in the instanton background. If this is the case, then the 
scattering amplitude must vanish, as the gauge singlets do not couple to the j 1 . Such 
zero-modes occur in (2, 2) compactifications, as the left-moving supersymmetry can simply 
act on the bosonic zero modes of the instanton. (This is why (2, 2)-compactifications are 
stable.) Another possibility is that instantons are present, but when summed up magically 
give zero. 

In the former case, the precise conditions for when one expects 7 7 zero-modes to oc- 
cur are fleshed out in [33l[65] which we parrot here. First, we need to use a theorem of 
Grothendieck which states that any holomorphic vector bundle on a two-sphere splits as a 
direct sum of holomorphic line bundles. Thus, for a worldsheet instanton wrapping a holo- 
morphic curve in M, the vector bundle pulls back to £ as a direct sum of line bundles. Thus 
the left-moving fermions 'y 1 are coupled to a direct sum of line bundles. Line bundles on 
P 1 are classified by a single integer, the integral of their first Chern-class, and are denoted 
0(n), where n is the relevant integer. The tangent space to P 1 is 0(2) while the spin bundle 
is 0{ — 1). The Dirac operator for the j 1 fermions coupled to a vector bundle J 7 is given by 
^F®o(-i)- This implies zero-modes of Y correspond to elements of H°(F ® 0(— 1)), while 
zero-modes of Y correspond to elements of if 1 (J r <S> 0{— 1)). By Grothendieck's theorem, 

.F = ©;£>«), 

where J2 n i = C i(-F) = (by anomaly cancellation considerations). Zero- modes are counted 
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by the dimensions of the relevant cohomology groups, which are given by 

<°(»» = {o + 1 k <--i • 

« = {o* _1 ti~l • < 27 > 

Note that h (O(— 1)) and 1)) are both non-zero, so there is a chance of having 

fermionic zero- modes. In fact, if any of the rij are non-zero then there are necessarily 
7 zero-modes. The argument just given only applies for single-instantons, but is easily 
extended to multi-instantons. If there are zero-modes in the single-instanton background, 
then there will be even more zero-modes in multi-instanton backgrounds. In the class 
of models where these zero modes are present for every holomorphic genus zero curve in 
M, every possible worldsheet instanton vanishes and cannot contribute to the spacetime 
superpotential. This renders the vacuum non-perturbatively stable. However, it turns out 
that finding explicit examples of the splitting of bundles is quite hard. Furthermore, it is 
likely these examples are extremely special, and unlikely to be representative of the larger 
moduli space of heterotic compactifications. 

Fortunately, it turns that there is a rather large class of compactifications based on 
Calabi-Yau complete intersections, in which it is believed worldsheet instantons do not 
destabilise the vacuum. The instantons, while non-zero, actually cancel out in a rather 
remarkable fashion. These are conformal field theories built as the infrared fixed points of 
gauged linear sigma models, a study of which, we will now turn to. 

4 (0, 2) Linear Sigma Models 

Gauged linear sigma models (GLSMs) have proven to be a versatile tool in exploring the 
moduli space of certain (2, 2) SCFTs. As the name suggests this is a two-dimensional 
gauge theory, consisting of a number of matter fields with flat kinetic terms coupled to an 
abelian gauge groupj^j One way to think of the GLSM is that it builds conformal field 
theories that coincide with the infrared fixed points of NLSMs with a particular Calabi- 
Yau target space. The UV theory (GLSM) and the IR theory (SOFT) are in principle 



9 In [73] it is argued that (0, 2)-models with a discrete R-symmetry are also free of worldsheet instantons. 
Worldsheet instantons generate terms of the form (2727)™ in the effective Lagrangian, which lift the bundle 
moduli directions. The discrete R-symmetry prohibits such terms from being generated. 

10 The gauge group can also be non-abelian, although these are associated with hypersurfaces in Grass- 
mannians and will not be relevant for the discussion in this review. 
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completely different entities, so why is the GLSM useful? The answer lies in the existence 
of a number of quantities that are not renormalised under RG. These include F-terms of 
the low-energy effective field theory (unnormalised Yukawa couplings) and the singularity 
structure of the SCFT (points where string perturbation theory breaks down). Already 
this sheds a significant amount of light on the d — 4 compactification, and as we shall see, 
these quantities are relatively straightforward to compute. 

The parameters space of linear sigma models contain regions or 'phases', in which the 
underlying SCFT is not necessarily associated with any non-linear sigma model. Instead, 
the conformal field theories are described by less geometric constructions, with the canon- 
ical example being Landau- Ginzburg theories. The GLSM has a natural generalisation to 
theories with (0, 2) supersymmetry, and will be used extensively in our discussion. As has 
been persuasively argued in [34TI36] . conformal field theories built as fixed points of the 
(0, 2) GLSM automatically evade the instanton corrections that destabilise the vacuum, 
and have proven to be a useful tool in constructing (0, 2) SCFTs. 

Despite a promising conceptual framework, little is understood about (0, 2) GLSMs, 
and there remain many open questions. Although the (2, 2) GLSM has been successfully 
used to understand questions such as the structure of the quantum moduli space of (2, 2) 
conformal field theories, and how quantum corrections modify low-energy observables such 
as Yukawa couplings, these remain open questions for general (0, 2)-theories. Some of 
these questions have been answered for certain (0, 2) theories. These include (0, 2) theories 
attained as deformations of (2, 2) theories and exactly soluble models (analogous to Gepner 
models). The former class of theories have a geometric interpretation as a sigma model for 
a Calabi-Yau target-space equipped with a rank 3 holomorphic vector bundle. The (2,2) 
locus amounts to setting the holomorphic bundle to be the tangent bundle of the Calabi-Yau 
manifold, and the (0,2) deformations are holomorphic deformations of the tangent bundle. 

In this section we aim to give some bare bones details of linear sigma models. As this 
material is well-known we will be brief, giving only the pertinent details for later sections 
and refer the reader to the original reference [71] for more details. 

4.1 The Bare Bone Basics: Field Content and Lagrangian 

The most convenient way to describe (0, 2) linear sigma models is in superspace with coor- 
dinates x ± ,9 + ,9 + , superspace covariant derivatives V + , V + , and supercharges Q + , Q + . For 
(0, 2) sigma models that are deformations of (2, 2) linear sigma models, the field content is 
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most easily understood in terms of decomposing the (2, 2) multiplets into (0, 2) multiplets. 

A (2, 2) gauged linear sigma model is an abelian gauge theory with dimensionful coupling 
eo, linear kinetic terms and a gauge group U(l) r . The field content consists of n chiral 
multiplets $( 2 2)> * = ^i---i n i with gauge charges Q®, and r gauge multiplets S a , a = 
1, . . . , r. The action consists of the kinetic terms, a superpotential term and a twisted chiral 
superpotential term. The last term includes a possible Fayet-Iliopoulos term (see [H] for 
more details). Away from the (2, 2) locus these pieces decompose into (0, 2) representations. 
The chiral multiplets decompose into (0, 2) multiplets as 

$(2,2) ($, r), (28) 

where is a (0,2) chiral multiplet, and P is a (0, 2) Fermi multiplet. The (2, 2) twisted 
chiral field-strength multiplet splits up as 

where £ is a (0,2) chiral superfield, and T is (0, 2) Fermi multiplet. Working in Wess-Zumino 
gauge, the field-strengths T have the superspace expansion 

T = -2(\ a ^-i6 + (D-if at01 )-i6+~td + \„ ja ). (30) 

The bosonic multiplets obey a chirality constraint P + $ = P + S = and have an expansion 
involving gauge- covariant derivatives V: 

$ = + v / 20 + ^+ - i6 + 6 + V + (t), 

S a = a a + V29 + X aj+ -id + 9 + d + a a . (31) 

The fermionic matter multiplets T are the most interesting new structures to emerge from 
the (2,2)— >{0,2) reduction. These fields are not chiral, but rather satisfy 

V + T A = V2E A ($,Y,), (32) 

where on the (2,2) locus the index A = i = 1, . . . ,n and the functions E % are given by 

E i = tV2j2Q^a- (33) 

a 

Off the (2, 2) locus the E % are in general holomorphic functions of the $ l and E a multiplets. 
The explicit superspace expansion is given by 

r = 7 l - V26 + G i - i6 + + V + ~ii_ - V26 + E i {<l>, S) 
= Y_ - V26 + G i - V26 + E i {<j),a) 

- t6 + 6 + [V +T i + 2iE\^ + + 2iE\ a X a>+ ] . (34) 
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For (0, 2) theories not attainable as deformations of (2, 2) models, the number of fermi 
multiplets does not necessarily equal the number of chiral multiplets, reflected by the use 
of the index A = 1, . . . , N and i = 1, . . . , n. For the most part of the next section we will 
set A = i and N = n, though in section we will relax this. 

The classical Lagrangian consists of the standard flat kinetic terms 

Cke = J d6 + d6 + ^T a T a + ^£a<9-£a + f^(<9_ + iQWa,-)® 1 + irV, (35) 
together with a set of superpotential couplings given by 

Cj = -j= 2 J de + r I j I (^)\ r=0 + h.c. (36) 

Not all of the E and J couplings are independent however, and are related by a supersym- 
metry constraint. This ensures the Lagrangian Cj preserves (0, 2) supersymmetry: 

E A J A = 0. (37) 

A 

On the (2,2) locus, i = A, Ji = P yi = dP/d<& 1 and the constraint reduces to 



Q a Q P + J2QiP,i 



0, (3* 



where the equality follows from the quasi-homogeneity properties of P implied by gauge 
invariance. Clearly, this is not the only way to satisfy the constraint. Replacing the Pj with 
polynomials J a of same charge, and choosing more general E A as we did in the l^-model, 
we will find a theory with (0,2) supersymmetry if 

E°P + $°E A J A = 0. (39) 

Finally, there is a twisted superpotential coupling realising a FI term 

C F .i = \ f d9 + J2r a T a + h.c. (40) 

0=1 

where r a are the complexified Fayet-Iliopoulos parameters: r a = ip a + 6 a /2ir. The action 
has an classical symmetry U(l)i x U(l)i? with charges display in table[2j On the (2,2) locus 
these are just the classical left-moving and right-moving R-symmetries. In the heterotic 
string the U(l)t is a global symmetry used to defined the GSO projection as discussed in 
section 13.21 
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Table 2: The U(1)l x U(1).r symmetry charges for the V-model. 
4.2 Vacuum Structure and Phases 

The phase structure of the (0, 2) GLSM is studied in the same way as the (2, 2) model, 
though one finds a richer structure. To illustrate the features we will use in this review, let 
us focus on the simple example of the quintic. In that case there are five chiral multiplets 
of gauge charge +1, a single chiral multiplet $° of charge —5 and a corresponding number 
of fermi multiplets P, r°. The superpotential terms J 1 = <fi°Ji(§ 1 ) and J° = P(<f) 1 ), where 
the vanishing of P defines the hypersurface, while the holomorphic functions Jj are tied up 
in defining the bundle on the quintic (on the (2,2) locus Jj = dW/difi 1 with W being the 
(2,2) superpotential). 

Integrating out the superspace coordinates in (I35l) - (|40|) . one finds a bosonic potential 
given by 

u ~ ipi 2 + i0°iv,i 2 + f (E w*i a + ^°i 2 - r ) 2 + eA z a ( 41 ) 

and Yukawa interactions 

*~ - + A+7 "^ + 71 "W + 7 -*'° + h " (42) 

where A — i — 1, . . . , n. It turns out that for any hypersurface in a projective space we 
can, by a choice of field redefinitions, pick 

E i = 0V, E° = -50V (43) 

The Calabi-Yau phase (geometric phase) corresponds to r > 0, in which semi-classical 
analysis is a good approximation. The ground state is given by 0° = and ^Qi\(j> % \ 2 = r, 
which after quotienting by the U(l), gives a projective toric variety. We also have to set 
the superpotential P = 0, and this defines a hypersurface in the toric variety. 

The massless spectrum of the worldsheet fields is easy to work out, and exhibits how 
the linear sigma model describes the bundle J 7 . The right-moving fermion if>+ gets a mass 
together with one linear combination of the left-moving fermions 7I via the Yukawa cou- 
plings. It is not hard to see that the remaining left-moving fermions 7! are massless and 
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transform as sections of the bundle T defined by 

O r | M — <BiO(Di)\ M -U 0(V\ A) \m , (44) 

Likewise, the left-moving fermion 7° gets a mass together with a linear combination of the 
right-moving fermions via the Yukawa coupling 7° , 0+- There is also the Yukawa coupling 
^2 i d (T E t \ifj t + <f)i which gives a mass to another one of the fermions The remaining 
fermions ip\ remain massless and transform as local sections of the tangent bundle TM. 
Thus, we see the right-moving fermions are sections of the tangent bundle, while the left- 
moving fermions are sections of the gauge bundle in agreement with our intuition from the 
non-linear sigma model constructions 

The Landau- Ginzburg phase happens at small radius corresponding to r <C 0. The 
minimum of U is at |0°| 2 = |r|/5, <p % = 0. The gauge symmetry is spontaneously broken, 
and as $° has charge —5 it is broken to the discrete subgroup Z 5 . The <p° field becomes 
massive being integrated out of the low-energy theory. The fermion ip is also massive via 
a Yukawa coupling. This leaves one with a Z5 Landau- Ginzburg orbifold described by the 
superpotential 

Slg = J d 2 ad6 + r°P($) + F Ji($). (45) 

The point r = 9 = corresponds to a singularity in the low-energy theory. A non-compact 
direction in field space is opened up. Nonetheless, the singularity is codimension one, and 
one can show the spectrum of low-lying states is continuous as one varies from r > to 
r <C 0. The phase picture becomes more intricate when we consider more gauge groups 
and complete intersections, though is straightforward to work out (see [75J). Although we 
have restricted to a simple example it is straightforward to extend this to more intricate 
examples, involving higher rank gauge groups. For example, for a suitable choice of p a , the 
real part of r a , the classical moduli space of the gauge theory is 

M (r) = {D a = ZiQMT ~ P a = 0} /[U(l)1, (46) 

which is a symplectic quotient presentation of a toric variety. A more detailed discussion 
is given in say [76J. 

4.3 The Parameter Space of (0, 2) Linear Sigma Models 

The linear sigma model with (2, 2) supersymmetry has a parameter space that does not 
capture the entire moduli space of the string compactification. It only captures the "toric" 
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subset of Kahler moduli, and complex structure deformations that are representable as 
polynomial deformations. What bundle deformations of the standard embedding do linear 
sigma models capture? Said differently, how many (0, 2) deformations of (2, 2) models are 
there? This was answered in recent work [77J, to which we will now summarise. A warning 
to the reader: this subsection contains an amount of toric geometry. Reviews on toric 
geometry for physicists may be found in a number of places e.g. [75H75]- 

For example, let us study the linear sigma model that describes a hypersurface in a toric 
variety V. This is termed the M-model, and will be studied in more detail below. The field 
content, described in the previous subsection above, has n+1 Fermi multiplets obeying the 
constraint ( 13 2 j) which introduces the E-parameters. It is straightforward to compute the 
number of these parameters being given by 

= r(l + dimAutV). (47) 

where dimAutV^ is related to the automorphism group of the toric variety V via the exact 
sequenci"] 

1 *~G -AutF -AutV -1, (48) 

where G = U(l) r for us, so that essentially dim AutV = dim Aut V + r. The M-model has 
a number of superpotential couplings given in (|36p . The number of parameters in the (0, 2) 
superpotential is counted by the number of parameters in the Ji functions. This turns out 
to be 

# J = n£(A) <^ m ' P) + X ) ( 49 ) 

peA° mgA 

where 1(A) is the number of lattice points interior to the Newton polytope A defining the 
hypersurface P = C (C*) d . This corresponds to the number of independent monomials 
making up the generic polynomial P. The second term is trickier to explain. A° is the poly- 
tope dual to A, with lattice points along the edges of A° corresponding to the coordinates 
of the sigma model (there are n of them in total). As these are dual polytopes, elements of 
the polytopes have a natural inner product ( , ), and the delta function then implies the 
second term counts the number of points whose natural inner product is —1. We also need 
to take into account that not all of E and J parameters are independent, with some being 
related by the supersymmetry constraint (1371) . This eliminates r/(A) parameters. 

11 As we are interested in deformations of the tangent bundle, we consider only the connected component 
of the Automorphism group of V. 



26 



We need to take into account some of the parameters entering into the Lagrangian may 
be eliminated with field redefinitions that modify only the presumably irrelevant D-terms 
of the linear sigma model. For example, there are the rescalings of $ and T multiplets, as 
well as the GL(r, C) rotations of the S a multiplets. Field redefinitions of the turn out 
to eliminate 

#5$ = dimAut^ (50) 
parameters. Similarly redefinitions of the fermionic multiplets eliminate 



n 



2-^5((m,p» 



(51) 



where ip are the facets (codimension 1) faces of the polytope A and riip denotes their 
relative interior. Note that when V is a product of projective spaces #<5r = #5$. We must 
also take into account that field redefinitions that act as gauge or U(l)^ transformations 
do not act on the action. 

We are almost ready to count the number of deformations counted by the linear sigma 
model. The remaining aspect we need to account for is a subtle issue of resolving singu- 
larities in the ambient toric variety. Generically, the toric variety will have a number of 
suitably mild singularities, say w of them, that may be resolved in a fashion that preserves 
the properties of the hypersurface, in particular that it is smooth and Calabi-Yau (for a 
summary of this from the point of view of toric geometry see [ZZ|). For each resolution, the 
corresponding sigma model has an additional Kahler parameter and for the class of Calabi- 
Yau's we are interested in these singularities will not intersect the hypersurface. From the 
point of view of the linear sigma model, this means the corresponding w Kahler parameters 
are irrelevant in the IR and do not correspond to real deformations of the SCFT. These w 
parameters are to be discounted from the parameter count. Altogether then we have the 
following count of deformations 

N(M) = l-w-(r-l)(r + #P-#5$-2) + #J-#5r. (52) 

A special class of M-models are known as reflexively plain. Geometrically this occurs when 
the automorphism groups are as small as possible — the automorphisms of M are those 
inherited form the [C*] d reparameterisations of the algebraic torus of V. From the point 
of view of the linear sigma model this means there are no 'off- diagonal' E-deformations: 
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E l a ((j)) = e l <t>j (for a = 1, . . . ,r with no sum on i) and the field redefinitions are simple 
rescalingg 12 ! 

$j -> r A -> t^T^ (no sum). 

If we define a mirror hypersurface M° given by exchanging A with A°, then M and M° give 
rise to a pair of linear sigma models with the same number of deformations N(M) = N(M°). 
This suggests some type of map between the two models, which we will explore in section H~8l 
below. 

If a model is reflexively plain then there is a convenient parameterisation of the defor- 
mations that is manifestly invariant under field redefinitions. As the field redefinitions and 
E-parameters are diagonal, it is convenient to combine the r E a multiplets into a vector S. 
Then, we can express the E-couplings as 

E° = $ S S, E i = £ ■ £T($), (53) 

where S is a vector of parameters. The polynomial defining the hypersurface M C V is 
given by 

P{4>) = ^2 a «^m ; (54) 

meA 

where fi m are the monomials in (ft 1 defined by the polytope A. Similarly, homogeneity of 
Ji{4>) implies 

jmiUm, (no sum on i) (55) 

meA 

Under a set of chiral field redefinitions, ones with Ui ^ Vi, the path integral measure 
transforms anomalously, resulting in an effective shift of the Kahler parameters q a . Unlike 
(2, 2) theories, the parameters q a are ambiguous in (0, 2) theories. One can then show that 
a set of invariant "Kahler" parameters under these field redefinitions is given by 

«.»*n(§f • <*) 

Note that on the (2,2) locus these reduce to the usual q a . A set of invariant "complex 
structure" coordinates is given by 



II(^) m 



12 Combinatorially, this means there are no interior points of facets of the Newton polytope A or its dual 
A . 
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We also define 

Y = J Jl e \ and b mi = ^^-l for m ^ 0. (58) 
Assuming a m 7^ 0, the supersymmetry constraint E ■ J = implies 

<5 = -^ 7 \ ^W = for m^O. (59) 

i i 

On the (2, 2) locus the matrix h mi has rank d, which determines the 7* to be in the r- 
dimensional kernel of b, implying 7* and 8 are determined up to GL(r, C) field redefinitions. 
In fact, the only time b is not rank d is when the model is singular and the bundle jumps 
rank becoming a sheaf. The utility of this parameterisation will become clear when we 
come to discussing the singular locus and (0, 2) mirror map. 

4.4 Twisting (2, 2) Linear Sigma Models 

The (2,2) linear sigma model, like its non-linear cousin, admits topological twistings. This 
involves shifting the Lorentz generator by a linear combination of the U(1)l and U(l)i? 
R-symmetries. There are essentially two possibilities: twisting by a vectorial combination 
(A-twist) and twisting by an axial combination (B- twist). As we consider heterotic string 
compactifications the (0,2) linear sigma models we consider still have a U(1)l x U(l)# 
symmetry, with the former now becoming a global symmetry. This allows us to define the 
generalisations of these twists which we denote the A/2- twist and B/2-twist. 

Just like (2, 2) models, this results in the spins of fields shifting — for example, all the 
fermions become either scalars or one- forms. Unlike (2, 2) models there is only one super- 
charge that becomes a scalar. Hence, the BRST cohomology is defined by the kernel of 
the scalar right-moving supercharge Q. This cohomology ring is infinite dimensional as 
opposed to the (2, 2) case, so it is not a priori obvious that many of the techniques, for 
example localisation, will carry over. However, the presence of the U(1)l allows us to define 
a finite dimensional subring [79,80j with which many of the localisation techniques hold. In 
particular, one looks for states that satisfy the usual chiral ring relation = ±|g L ^[jf 
the ground ring is then shown to coincide with the usual chiral ring on the (2, 2) locus, and 
also exists when there is no (2, 2) locus. 

13 A lovely explanation of the chiral ring in N = 2 SCFTs is given in |81j . 



29 



4.5 A/2-Twisted V-mode\ 

In the absence of a superpotential, the sigma model, called here the V^-model, describes a 
target space given by the toric variety V. As this space is not Ricci-flat the sigma model 
does not actually flow to a conformal field theory, instead flowing to a trivial fixed point. 
Nonetheless, it is possible to construct an A/2-twisted V- model and it may be shown to 
have a well-defined notion of a quantum cohomology ring. Furthermore it proves to be a 
useful warm up for the M-model where there is a non-trivial superpotential. 

The A/2 twist of the (0,2) NLSM with toric target-space was considered in [82]. The 
point of view advocated in [82] was to combine the familiar structure of (2,2) worldsheet 
instantons with the notion that in (0,2) theories the basic A/2 twisted observables (the a a 
in our case) should correspond to classes in H l {V, F y ). Classically (i.e. for constant maps), 
the computation of a correlator is reasonably clear: (a ai ■ ■ ■ a ad ) should yield a map 

H\V, F v ) x H\V, F v ) x • ■ ■ x H\V, J^ v ) H d (V, A d F v ) ~ H d ' d (V) ~ C. (60) 

The second-to-last isomorphism automatically holds in theories with a (2,2) locus [80J. 

By using the universal instanton construction, the authors of [82] described how to pull 
back the bundle (more generally, sheaf) J 7 to a sheaf on Ai n and in principle compute the 
induced sheaf cohomology on the instanton moduli space. As usual in NLSM computations, 
these results required some choice of compactification of the instanton moduli space. In 
the case when V is a toric variety, the GLSM naturally provides such a compactification. 
The ideas in [82] were refined and developed in [83], culminating in a general method 
for computing the A/2 correlators in the V^-model. The result should be thought of as a 
quantum deformation of the sheaf cohomology on H*(V, A fc J rV ). 

While the method of [821183] is well-motivated and leads to sensible results, it is desirable 
to compute correlation functions directly in the sigma model. This was worked out in detail 
in [HUES] and led to a number of interesting conclusions. Firstly, it directly showed the 
sheaf cohomology computations of Katz-Sharpe did indeed coincide with the correlators 
computed by the linear sigma model. Secondly, it gave a direct way of computing the 
quantum cohomology relations (as opposed to computing correlators and extracting the 
relations indirectly). Finally, by studying the linear sigma model action and zero mode 
structure in an instanton background, it gave a natural generalisation of toric intersection 
theory to (0, 2) sheaf cohomology. Let us outline some of these results in a bit more detail. 
In the following sections we will always assume the sigma models have a (2, 2) locus, and 



30 



therefore not distinguish the A and i indices. 



4.5.1 Coulomb Branch 



One approach for deriving the (0, 2) quantum cohomology relations is when the linear sigma 
model has a Coulomb branch [85J. When V is Fano, then there always exists a region in 
the Kahler parameter space where supersymmetry is broken classically In fact, this is not 
true in the quantum theory: quantum effects restore supersymmetry resulting in a number 
of discrete Coulomb vacua. In this phase the a fields obtain large VeVs, the $ l ,P matter 
multiplets get massive, and the dynamics of the E a multiplets are determined by an effective 
twisted superpotential given by 



C cS = /^ + ^T a J a (S)| r=0 + h. 

a=l 



with 



J a = log 



Qf ^ 

(a) 



where the M( Q ) are given by 



2iM (a) $ (Q) , 



M, 



(a) 



a) ■ 



(61) 



(62) 



(63) 



a=l 



where $(q,) is a vector of fields of the same gauge charge of length fc( a ), and M( a ) is a 
k(a) x fyct) matrix mixing these fields. This effective superpotential encodes the quantum 
cohomology relations of the A/2-twisted V-model, and localisation techniques applied in 
the non-geometric phase yield the correlators in the V^-model. These results are all natural 
generalisations of the (2,2) A-twisted model discussed in [THESES]. Indeed, the effective 
potential allows us to read off the quantum cohomology relations directly: 



Ol 



a k 



n 



detM^) 



q a {o- a 



■ - a. 



n 



detM (Q ) (a) ) for all a. 



(64) 



«IQf a) >o 



«\Q a (a) <o 



As on the (2,2) locus, it is easy to extend this description to an explicit formula for the 
genus zero A/2-twisted correlators. A simple generalisation of the localisation formulae 
in half-twisted Landau- Ginzburg models yields the correlators as a sum over the common 
zeroes of the J a (cr): 

-l 



a ^ 

a\J=0 



<J, 



a,, 



det J a<b TT det M, 



(a) 



(65) 
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As expected, the correlators are position-independent, given by meromorphic functions 
of the q a and the E-deformations, and satisfy the quantum cohomology relations. When 
applied to the example of V ~ P 1 x P 1 , the results are in agreement with the computations 

of [gg. 

4.5.2 Gauge Instantons 

An alternative approach to understanding the correlation functions and quantum cohomol- 
ogy is via the geometric phase, in which case the D-terms have classical solutions given by 
gauge instantons. In that case the linear sigma model reduces to a non-linear sigma model 
with a geometric target space. In that case the relevant BPS configurations are given by 



Comparing these conditions to those of the topological theory at the (2,2) locus, we see 
that as long as E at ((j)) has rank r for all outside the exceptional set (this will be true 
for small E-deformations), the only solution to the first two conditions is a a = 0, and the 
last two are solved by gauge instanton configurations whose topological class is labelled by 
instanton numbers 



Thus we find that just as on the (2, 2) locus, the moduli space of BPS configurations is given 
by the moduli space of gauge instantons M. n . We can compute the quantum cohomology of 
the (a, c)-ring by evaluating the gauge instanton configurations sector-by-sector. For (2, 2) 
linear sigma models, this is explained in detail in [76]. It essentially involves reducing the 
calculation to an integral over the zero modes of the instanton configuration. The moduli 
space of which is described is a compact toric variety Ai n - Each of the chiral ring elements 
a a lift to a cohomology class r\ a 6 H 2 (Ai n ,Z). The correlator evaluated in the nth gauge 
instanton sector 



is then given by doing a corresponding intersection computation on M. ni denoted by #(. . .): 



cha a = 0, E ai a a = (no sum on i), = 0, D a + f a = 



(66) 




(67) 



(68) 
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As M n is toric, there are well-defined rules for doing this computation. The final result is 
then given by a sum over gauge instantons: 

r 

(<Tai ■ ■ ■ <0 = #(V ai - ■■Va k Xn)MnY[<l2 a i (69) 

n£K v o=l 

where q a = e 2mT " and \ n is the Euler class of a certain obstruction bundle. 

It is shown in [M] that this generalises in a natural way to (0, 2) theories once one has 
developed a generalisation of toric intersection theory to sheaf cohomology on H*(V, J-" v ). 
This is an alternative approach to that developed in [82], relying more on toric type compu- 
tational techniques that the linear sigma model naturally generates. We will not describe 
the toric intersection theory in detail here, instead referring the reader to the original ref- 
erence [HI]. 

4.6 A/2-Twisted M-Model and 27 3 Yukawas 

With a non-trivial superpotential turned on, the linear sigma model now describes a hyper- 
surface M C V. In order to consistently construct the model we need to add an additional 
chiral multiplet $° with gauge charge Qq = — Qt- The superpotential couplings are 
then 

+ h.c, 

where on the (2,2) locus, J{ = dP/d§\ 

The M-model has two types of (0,2) parameters: the E-parameters familiar from the V- 
model, and the J-parameters appearing in the superpotential couplings above. The two sets 
are not independent but must satisfy the (0,2) SUSY constraint. The geometric structure 
encoded by the E and J is a choice of bundle J 7 on the Calabi-Yau hypersurface M C V. 
J 7 is a deformation of Tm, whose sections are described as the cohomology of the sequence 

O r | M — ®iO(Di)\ M -U 0(V\ Di)\ M , (70) 

J 7 = ker J/imE. Physically, this sequence arises in the geometric phase of the GLSM as a 
description of the fermions in the low energy NLSM [7HI57]. 

The A/2- twist of the M-model proceeds in an analogous fashion to the V- model. The 
supercharge Qt = Q+ becomes a nilpotent scalar whose cohomology is represented by the 
a a fields and correspond to elements of H l,1 (M) being pull-backs of elements of H l,1 (y). All 
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the anti-holomorphic components are Qr-trivial, and under some reasonable assumptions, 
correlators do not depend on them. The moduli space of BPS configurations is that of the 
V^-model (jB"B"|) together with 

<fJi = for i > 0, and P(<f>) = 0. (71) 

This defines a hypersurface M C V together with 0° = 0. This defines a moduli space 
M n .p C M n which while still compact, is difficult to describe. Most importantly it is no 
longer toric and the V^-model methods do not directly apply. This is reminiscent of the (2, 2) 
linear sigma model analysis, which as argued in [75] , one can relate M-model correlators to 
V- model correlators via the quantum restriction formula. In [M] , the quantum restriction 
formula is generalised to (0, 2) linear sigma models given by deformations of (2, 2) theories. 
In particular an M-model correlator (denoted by ((. . .))m) is related to ^-model correlator 
via 

((o- ai ■ ■ ■ Va d ))M = (<Tai ' ' " _ ^ )v, (72) 

where M is defined as 

V + T° = 2iM (0 )$°. (73) 

On the (2,2) locus M/ ) = — J2i Qi a a and corresponds to the anti-canonical divisor on V. 
The left-hand side of (1721) is the M-model correlator, while the right hand side is a \^-model 
correlator. One can then compute the correlator using either a sum over gauge instantons 
or the Coulomb branch technique. 

The correlator computed in (1721 involves (a, c)-ring elements a a and are related to the 
27 3 Yukawa couplings of the physical theory. Although this is part of the story in computing 
27' Yukawas, the computation is still not complete. Essentially, what ( 1721) determines are 
the F-terms of the low-energy effective field theory; one still needs to compute the D-terms, 
which is equivalent to normalising the fields. 

Although in the above we have essentially restricted to Calabi-Yau's built as hypersur- 
faces, these result generalise rather easily to complete intersections. Some of this has been 
developed in [84] . 

4.6.1 Singular Locus 

The quantum restriction formula gives a simple way to compute the A/2-twisted M-model 
correlators. From these we may extract the quantum cohomology relations and determine 
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the locus in the q a , M( a ) parameter space where the correlators have poles. As on the 
(2,2) locus, these singularities should signal a singularity in the (0,2) SCFT. As in type 
II theories, we expect that here world-sheet perturbation theory breaks down and non- 
perturbative effects are necessary to resolve the SCFT singularity. These effects are not 
well understood in the heterotic string, and a parametrisation of the singular locus in 
parameter space is an important step in studying this phenomenon. 

In (2,2) theories it is well-known that the singular locus of the GLSM may be determined 
without computing a single correlator. The basic tool used is the effective potential govern- 
ing the S a multiplets at large a a VeVs. This potential is easily obtained by integrating out 
the multiplets at one loop. We have already discussed how a similar potential may be 
computed off the (2,2) locus — a similar potential may be used to study the singular locus 
of the theory. After integrating out all the massive multiplets, in a similar fashion to what 
is done in (2,2) theories, one finds a twisted superpotential similar to that in eqn. (JHj): 

l[detM ia) (z) Q " = (— A) A gi, 

a 

]JdetM {a) (z) Q « = q a fora>l, (74) 

a 

where A = Q\ (we are in a basis where Qq = for a > 1). These are r = n — d equations 
for r — 1 variables z a = o a jo\. Generically, these equations are over-determined and do 
not have a solution. However, there are non-generic loci where these equations do have a 
solution. This indicates a singularity in the theory, since the a a are fixed only up to an 
overall scale. This leads to a non-compact direction in field space, leading to a divergence 
in the a correlators. By studying the correlators computed by the quantum restriction 
formula f!72|) one can check they diverge precisely at the points where the equations (|74|) 
are satisfied. 

The singular locus takes an elegant form when M is reflexively plain. Using the param- 
eterisation given at the end of section 14.31 we find 
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Qa, (75) 



p 

have a solution for some a ^ 0. This is nicely rewritten in terms of our invariant coordinates 
as 
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K a . (76) 



The interpretation of this singularity in terms of the bundle is that the rank of T increases 
at the singular point, implying that T is no longer a bundle, but a sheaf. We also note that 
a classical singular bundle can lead to a well-defined theory away from large radius. 

4.7 B/2-twisted M-model and 27 3 Yukawas 

The M-model also admits a B/2-twist via the axial combination of U(1) L x XJ(1)r. This 
twisting leads to the same Qt as the A/2-twisted theory: namely Q + becomes a nil- 
potent scalar operator. It's unsurprising therefore that the half-twisted theory localises 
onto M n . P — the same locus as the A/2-twisted theory. However, the theories are quite 
distinct: the twistings of the fields in the linear sigma model are different, resulting in a 
different set of local observables and different non-vanishing correlators. Just as for the 
B- twisted model, the gauge invariant observables are of the form O a = <p°f a ((j)) where 
f a {4>) is a polynomial in the 0* fields. On the (2,2) locus these are the gauge invariant 
monomials that appear in the superpotential, and correspond to complex structure moduli. 
Off the (2, 2) locus these operators remain perfectly well-defined, and form a basis for the 
B/2- twisted cohomology, being analogous to the (c, c) chiral ring. 

On the (2, 2) locus, the B-model is independent of the Kahler parameters q a and hence 
of quantum corrections. For (0, 2) theories the story is not as clean. What one can show 
is that there exist a "large" class of models that are independent of q a and hence quantum 
corrections. In fact, one can do better. If these models have a Landau- Ginzburg phases then 
the theory is actually independent of the E-parameters. This implies a nice decoupling ar- 
gument: A/2-twisted correlators depend only on q a and E-parameters; B/2-twisted models 
(satisfying certain conditions) depend only the complex structure moduli and J-parameters. 
This decoupling is important to any generalisation of mirror symmetry to (0, 2) theories, a 
point with which we will return to momentarily. 

To determine which model are independent of quantum corrections (i.e. the q a ) one 
needs to study the fermion zero modes in a given instanton background. That is, suppose 
we are computing a correlator of observables in a gauge instanton background with instanton 
number n. Then, 

(O 1 ...O a ) n = 

unless 

1. s = d — 1 (ghost number selection rule) 
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2. do = Yli=i Qi n a — which follows from the structure of the 0° zero modes. If we are 
in a product of projective spaces, this suffices to show all gauge instanton corrections 
vanish. 

3. I + = I and £)ie/<-i - 1) = ~ 1) where d { = Y?a=i Qi n a and we have 
defined a number of sets: 

J_ = {ie I\di < 0} , 

J = {iel\di = 0}, 

/+ = {i G I\di > 0} . (77) 
with similar definitions applying for /<-i and J>i. 

4. /o > r — 1 which follows by studying the gaugino A a zero modes. 

Unfortunately, these elegant conditions are not sufficient to rule out non-trivial instanton 
contributions in all generality. Consider the two-parameter M-model with charges 

«=("o 4 JJ??-i-i)- m 

with hypersurface defined by the vanishing of 

p = 4 + 4 + (4 + 04 + 44)4 + (4 + 4)4- m 

It is easy to see that P = defines a smooth hypersurface in V, and that all the selection 
rules are satisfied. Consequently, the zero mode analysis is not enough to rule out quantum 
corrections in this model. What is one to make of this? 

An interesting perspective on this question was found in [88J for (2, 2) non-linear sigma 
models. In that case, one can either construct the B-twist or B/2-twist. In the former, 
the theory is manifestly independent of quantum corrections; in the latter it is not at all 
obvious and in particular, it seems possible that non-trivial gauge instantons may contribute 
to correlators. What [88] show is that when the selection rules permit gauge instantons to 
contribute, the integral of the bosonic zero modes amounts to integrating an exact form 
over an instanton moduli space. If there is to be any non-zero contribution, it must comes 
from the boundary of the moduli space. Thus if one is working with compact moduli spaces 
this contribution is zero, and in particular, the linear sigma model moduli spaces are nicely 
compact. However, [88] worked with non-compact toric Calabi-Yau's — it is not clear how 
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these results generalise to compact Calabi-Yau's in which the moduli space M n -p C M n is 
no longer toric. But it is very tempting to believe that this analysis should carry over for 
Calabi-Yau hypersurfaces. Thus, it remains an interesting open question: are there really 
quantum corrections in such B/2- twisted linear sigma models? 

What if we are working with a model in which there are no quantum corrections? In 
that case the theory is independent of the q a and answers do not depend where in the 
Kahler moduli space the computation is done. If the linear sigma model admits a Landau- 
Ginzburg description^ then one can show that correlators reduce to Landau- Ginzburg 
orbifold computations familiar from studies of (2, 2) models. These correlators are computed 
using the standard residue formulae |9"UH9"2"] and are related to the (27) 3 Yukawa couplings 
(up to the question of computing the relevant D-terms, thereby normalising the matter 
fields in the spacetime effective field theory). A second interesting fact is in these class of 
models E-parameters decouple from physical observables. A clue to seeing how this works 
is to realise that deep inside the Landau- Ginzburg phase the <J>°, T° and S a multiplets 
become massive, thereby decoupling. Hence, the resulting light fermion multiplets obey 
the constraint T> + T l = 0, and independent of variations of the E-parameters. We have not 
been overly careful in coming to this conclusion and the interested reader is urged to look 
at the original reference for more details [84J. 

4.7.1 Singular Locus 

The singular locus of the B/2- twisted model, as in the B- twisted M-Model, comes from the 
$° multiplet becoming light. This happens if and only if there exists a point p e M such 
that Jiip) = for % = 1, . . . , n. When the model is reflexively plain, this was worked out 



explicitly in [93]. In terms of the parameters described in section H~3| the singular locus is 
given by 

(7 ■ 7 



n 



0) 



as 

for some non-zero cr. Like its A/2-twisted cousin it interpolates between two familiar 
notions: singularities of M and singularities of J 7 . On the (2, 2) locus, the singularity 
occurs in the complex structure of M; off the (2, 2) the singularity may indicate a jump 
in the rank of the bundle J 7 . An important difference between the A/2-twisted singular 
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See [89] for recent work in deriving conditions for the existence of affine Landau-Ginzburg models. 
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locus and the B/2-twisted singular locus is the latter is determined purely by classical 
computations while the former includes all the quantum effects. 



4.8 Linear Sigma Model Mirror Map 

Mirror symmetry in (2, 2) models is the statement that two compactifications on topologi- 
cally distinct Calabi-Yau's 

M <r> M° 

yield identical four- dimensional field theories. This in turn implies a pairing between Calabi- 
Yau's — a result of striking mathematical importance. In the heterotic string, one has an 
additional degree of freedom — a holomorphic vector bundle. A fascinating question that 
has been generating some interest of late is there a generalisation of mirror symmetry to 
the heterotic string? Presumably mirror symmetry would involve a pair- wise exchange of 
Calabi-Yau together with a choice of vector bundled 

(M,J=) (M°,r) (81) 

For (0, 2)-models attained as deformations of (2, 2) models, the answer to this question 
is in some sense already known. Mirror symmetry for Calabi-Yau's on the (2, 2)-locus 
implies the a pair of identical SCFTs. Consequently, the number of deformations of the M 
SCFT and the M° SCFT must be identical. However, what is not obvious is whether these 
deformations are realised by the linear sigma model for each of these Calabi-Yau's. In the 
(2, 2) case we were somewhat lucky: the moduli space probed by the linear sigma model 
(toric Kahler deformations and monomial complex structure deformations) was preserved 
by the mirror map. Is the same true for bundle deformations? 

When the M-model is reflexively plain it is argued in [93] the answer to this question 
is yes. In fact, it is possible to write down an explicit map showing how the linear sigma 
model parameters map between each other o This map on the (2, 2) locus was known 



as the monomial divisor mirror map, and was written down in [91]. The generalisation 
to reflexively plain models is nicely outlined in [93J. The basic idea, as with (2,2) linear 
sigma models, is that if we define two linear sigma models, the M-model and the M°-model, 



15 Thc fact the mirror exchange would occur pairwise is not obvious. For example, there might a triplet 
of compactifications giving rise to identical four-dimensional field theories. 

16 These UV parameters arc related to the moduli of the underlying SCFT by a non-trivial RG flow. For 
(2, 2) theories this RG flow is computable via mirror symmetry. We do not yet have the technology to 
extend this analysis even to reflexively plain models that are deformations of (2, 2) theories. 
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these should lead to isomorphic SCFTs. The relation between the parameters defining these 
two linear sigma models is known as the algebraic mirror map (or the monomial divisor 
mirror map). Under this map the linear sigma model moduli spaces of the two theories 
are exchanged, as are the chiral rings. This is reflected by the A/2-twist of the M- model 
being identical to B/2-twist of the M°-model. It is not yet known how the chiral rings are 
exchanged, however it is known how to map the parameters defining the relevant sigma 
models. 

Of course, we are not mapping the full moduli space — instead we are restricting to the 
subset of parameters that are realised by the linear sigma model. For (2, 2) models these 
are known as toric Kahler deformations (Kahler deformations of M that descend from the 
ambient toric variety V) and polynomial complex structure deformations (deformations of 
M realised by coefficients of monomials in P = C V). For (0, 2) models one is restricted 
to E-parameters and J-parameters — deformations representable as a monad sequence — and 
it is these parameters we will map. 

In the coordinates of the end of section I4T31 the conjectured map takes an elegant form. 

The mirror map amounts to exchanging A, A°, transposing the matrix b, and exchanging 
K a and ka- 

A first check of this map is that it reduces to the usual monomial divisor mirror map 
on the (2, 2) locus. This is clear once one realises the matrix b reduces to the matrix 
^mi — (m,i) defined in [91] where m G A and i G A°. A more non-trivial check is to 
check that the singular loci of the underlying SCFTs are mapped. That is, the M-model 
A/2- twisted singular locus is exchanged with M°-model B/2-twisted singular locus and 
vice- versa. However, the parameterisation of section 14.31 makes this manifest: one sees 
that ( 1761) and ( l80l) are exchanged under the map. Thus, the conjectured mirror map looks 
extremely plausible. However, one still needs to check that the A/2-twisted and B/2- twisted 
observables are exchanged under the map, and what the RG flow of the UV parameters 
is — these remain open questions. 

5 (0, 2) Landau- Ginzburg Theories 

One of the fascinating features of (0, 2) models is that they exhibit a range of novel effects 
not present in (2, 2) theories. These are most transparent in (0, 2) Landau- Ginzburg the- 
ories, where one often has a greater degree of computability and dynamical control. As 
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discussed in section I4.2[ a linear sigma model may exhibit a phase in which the UV dynam- 
ics is well-described by a Landau- Ginzburg theory This is a theory of fields with linear 
kinetic terms coupled by a superpotential, which in the case of the quintic, takes the form 
of eq. (|45p . In this section we will very briefly summarise some of the developments, old 
and new, in understanding the structure of (0, 2) Landau- Ginzburg theories. 

In the early days of (0, 2) linear sigma models, there was a lot of interest in Landau- 
Ginzburg theory, mainly because many properties are exactly computable. For example, 
one is able to straightforwardly compute the spectrum of states as was done in a series of 
examples in [?4"]I75P95] . and later extended by [96] who, using various symmetries, argue that 
there are deformations of certain (2, 2) Landau- Ginzburg theories that are exactly marginal 
deformations of the underlying SCFT — an important piece of early evidence in showing 
that such deformations are not destabilised by worldsheet instantons. The flat directions in 
question are the Eq singlet directions: bundle, complex structure and Kahler deformations 
that preserve the rank of the bundle, and these are argued to be exactly marginal at finite 
radius when the parent linear sigma model has a single Kahler modulus. More recent 
work, has appeared in [97J in which the spectrum singlets corresponding to deformations of 
(2, 2) sigma models was computed in a variety of examples with multidimensional Kahler 
moduli spaces. In some cases the existence of certain states in the spectrum were able to be 
traced over the Kahler moduli space, from small radius (Landau-Ginzburg) to large radius 
(supergravity). The interest in this arises from the jumping in cohomology groups over the 
moduli space. For example, in the linear sigma model description of the quintic, the singlet 
spectrum is known to jump at special values of the complex structure when the theory is at 
the Landau-Ginzburg point. This jumping is attributable to an enhancement of the gauge 
symmetries at these special values of the complex structure. More intricate examples have 
also been computed, which show a more elaborate structure as a function of the moduli. 
There is jumping of the singlets between small radius and large radius limit. In particular, 
at small radius there are additional states (as in the quintic) that are not present at large 
radius. What is the fate of these states? Using mirror symmetry, it is argued in [97] that 
these additional states acquire a Kahler-dependent mass term, becoming massive away from 
the Landau-Ginzburg point. 

It is also possible to compute correlators in certain toy examples. For example, [92] 
showed how to compute correlators in massive Landau-Ginzburg theories attained by de- 
formations of (2, 2) theories using simple algebraic techniques. This was extended in [98J 
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to theories without a (2,2)-locus. Mathematical aspects of A/2-twisted Landau-Ginzburg 
models has appeared in [HI], while work on developing Landau-Ginzburg theories away from 
exactly soluble points has appeared in jlUUj . Such work is a useful warm-up for studying 
more general linear model constructions away from the Landau-Ginzburg point. 

5.1 (0, 2) Topology Change 

Starting with [78], topology change has been well-studied in (2,2) theories, where as one 
varies the Kahler moduli of a compactification, the topology of the target space suddenly 
changes. Although a rather drastic effect from the point of view of spacetime, one can 
show using mirror symmetry that on the worldsheet all quantities remain finite and well- 
defined. This phenomenon may also be present in (0, 2) theories, though with a much richer 
structure. The study of topology changing effects started with |10ipi02] who analysed what 
happens to (0, 2) theories when M develops certain types of singularities. (2, 2) theories on 
such singular spaces are perfectly well-behaved. Similarly, [10111102] shows that (0, 2) models 
are also well-behaved. However, unlike in (2, 2) theories there may be multiple resolutions 
of the singularities. Essentially, one needs to lift the bundle on M to the resolved space, and 
there can be multiple ways of doing this. Although these resolutions may look distinct from 
the point of view of spacetime, they are described by the same Landau-Ginzburg theory. 
The interpretation proposed by [10111102] is that the Landau-Ginzburg point is where a 
perturbative string transition takes place (i.e. topology change). However, later analysis of 
these Landau-Ginzburg theories by [58 |I103] seemed to indicate the correct interpretation 
is of a type of string duality taking place, reminiscent of mirror symmetry. For example, 
although the compactifications look different at large radius, their moduli spaces are in 
fact identical. Nonetheless, it still seems likely that topology changing transitions occur in 
different contexts in (0,2) models, similar to that discussed in the (2,2) context in [78], in 
which there is an enlarged Kahler moduli space, with walls separating different domains. 
Clarifying precisely if and how this happens, as well as what types of topology changes 
occur in generic (0, 2) models remains an open question. 

5.2 Mirror Pairs 

As we discussed above mirror symmetry in the setting of heterotic string compactifications 
is a fascinating, old and yet open question. From the point of view of the linear sigma 
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model, [93J constructed a simple map for reflexively plain models attained as deformations 
of (2, 2) sigma models. What about the more general setting? What if the models are not 
reflexively plain? What if there is not even a (2, 2) locus? 

Some progress has been made in this direction in the context of (0, 2) Landau- Ginzburg 
theories. It was first discussed in the context of (0,2) Landau- Ginzburg theories by [87J. 
The situation described there involved studying the GLSM for two particular topologically 
distinct target spaces. On a first glance it appears the GLSMs are quite different for 
the two different compactifications. However, if one goes to the Landau-Ginzburg point, 
r = — oo, then the models become identical and are related by a simple map. The map 
involved an exchange of complex structure moduli with moduli corresponding to deforming 
the holomorphic structure of the bundle. One then argues that the theories have identical 
perturbative expansions in an open set around the Landau-Ginzburg point r = — oo, and 
consequently agree on the whole r, 9 plane (see also [58, 103J for later discussions). Mirror 
symmetry in (0, 2) Landau-Ginzburg theories has been followed up by numerous papers. 
Using a class of (0,2) Landau-Ginzburg theories developed in |104[I105] . [106] proposed a 
version of mirror symmetry which exchanged complex structure, Kahler and bundle moduli. 
In [107|,I108] additional examples of Landau-Ginzburg mirror pairs were constructed using 
orbifolding techniques similar to that of Greene-Plesser [109J, while some recent discussion 
of Landau-Ginzburg models in relation to mirror symmetry has appeared in [100J and a 
computation of elliptic genera in (0, 2) Landau-Ginzburg theories has recently appeared 
in [TTO] . 

One drawback of most of the discussion of (0, 2) mirror symmetry to date, is that it is 
limited to Landau-Ginzburg theories, a very special type of a string compactification. Aside 
from the map in discussed in section I4.8[ there are a couple of other notable exceptions. 
One proposal for extending the monomial-divisor mirror map to (0, 2) theories has appeared 
in [111] . In [79] . a proposal for extending the abelian duality of [941112] to (0, 2) theories was 
developed. This duality is a relation between massive (0, 2) GLSMs and Landau-Ginzburg 
theories. It exchanges charged fields with uncharged fields, and is generated by dualising 
the U(l) torus action of the toric variety. As the torus action is not free, a non-perturbative 
superpotential is generated. In some sense this is to be thought of as mirror symmetry for 
massive models. The proposal of [79] was checked in |82,83j by computing worldsheet 
instanton corrections to correlators in the corresponding (0, 2) sigma model. To better 
understand mirror symmetry in more general (0, 2)-models one really needs a generalisation 
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of the (2, 2) algebraic map of [761194] to include (0, 2) moduli, followed by a calculation of the 
spacetime D-terms, which would determine the renormalisation of the algebraic parameters 
q a of the sigma model, to the generalisation of the "special coordinates" of the SCFT. 

6 Outlook 

In this review we have touched on some recent work aimed at uncovering the worldsheet 
structure of (0, 2) heterotic worldsheet theories. (0, 2) theories have undergone a remarkable 
cycle of dying and then rising from the dead. This means there are many open questions 
to be tackled in this field. Indeed, the past couple of years have witnessed a revival, with 
an increasing amount of work aimed at uncovering their hidden gems. 

What are some of the remaining open issues? One is that of (0, 2) mirror symmetry. 
What is the form of mirror symmetry for non reflexively plain models? What about if 
there isn't a (2, 2) locus, what form does mirror symmetry take then? Another is that even 
supposing we understand (0,2) mirror symmetry for linear sigma models, to make contact 
with physical observables, we will still have match the linear model deformations to moduli 
of the SCFT, and determine the Kahler potential. These are not easy tasks, but our success 
gives us hope that perhaps even in questions regarding the Kahler potential progress may 
be made by considering additional structure beyond (0,2) supersymmetry in these vacua. 
Perhaps these additional structures (such as the U(l)i current algebra) may enable us to 
extend some of the results of |113j off the (2,2) locus. This would be important phenomeno- 
logically, as we would then have computed normalised Yukawa couplings, and taken a step 
closer towards connecting the heterotic worldsheet with its supergravity counterpart. 
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